Abstract. We establish multiplicity results for geometrically distinct contractible closed Reeb orbits of non-degenerate contact forms on a broad class of prequantization bundles. The results hold under certain index requirements on the contact form and are sharp for unit cotangent bundles of CROSS's. In particular, we generalize and put in the symplectictopological context a theorem of Duan, Liu, Long, and Wang for the standard contact sphere. We also prove similar results for non-hyperbolic contractible closed orbits and briefly touch upon the multiplicity problem for degenerate forms. On the combinatorial side of the question, we revisit and reprove the enhanced common jump theorem of Duan, Long and Wang, and interpret it as an index recurrence result.
Introduction
The main theme of this paper is the multiplicity problem for geometrically distinct contractible closed Reeb orbits of non-degenerate contact forms satisfying certain index conditions on a broad class of prequantization bundles. The multiplicity results established here apply to the unit cotangent bundles of CROSS's (compact rank one symmetric spaces) for which they are sharp and to some other prequantization bundles. In particular, we generalize and put in the symplectic-topological context the main theorem from [14] on the multiplicity of simple closed Reeb orbits on the standard contact S 2n`1 . On the combinatorial side of the question, we revisit and reprove the enhanced common jump theorem from [13] and interpret it as an index recurrence result along the lines of the index analysis from [21] .
The multiplicity problem for geometrically distinct closed Reeb orbits originated in Hamiltonian dynamics, going back at least a hundred years. In its modern form, the question is about establishing a lower bound, ideally sharp, for the number of such orbits of a contact form α on a given contact manifold pM 2n`1 , ξq. The form α is usually required to meet some additional conditions playing both conceptual and technical roles. Here, for instance, we mainly focus on non-degenerate contact forms. Then a suitable homology theory associated with an action functional is utilized to detect closed Reeb orbits. In our case, this is the equivariant symplectic homology, i.e., essentially Floer theory.
The fundamental difficulty in the multiplicity problem, at least in dimensions 2n`1 ą 3, lies not in the choice of homology theory but in distinguishing simple orbits from iterated ones. This difficulty already manifests itself in the classical problem of the existence of infinitely many simple closed geodesics for a Riemannian metric on S n , which is wide open for n ą 2. To get around this problem, one invariably has to impose restrictions on the index or action of closed Reeb orbits.
To illustrate the state of the art of multiplicity results for 2n`1 ą 3, let us consider the simplest example of the standard contact structure ξ on S 2n`1 without trying to give a comprehensive account even in this case. Hypothetically, every contact form α supporting ξ has at least n`1 simple closed Reeb orbits. This conjecture, however, is very far from being proved when n ě 2. (See [11, 23, 33] for the proofs when n " 1.) In general, without any non-degeneracy or index/action assumptions, it is not even known if there is more than one simple closed Reeb orbit if n ě 2. When α is non-degenerate, it is easy to see that there must be at least two such orbits (see, e.g., [25, 32] ), but the existence of three simple orbits on, say, S 5 is already a difficult open question.
The situation changes dramatically once we impose further restrictions on the indices or actions of closed Reeb orbits. Putting action requirements aside, although these are also of considerable interest, we will focus on the index constraints which are more relevant to our goals here. In a series of papers starting with a groundbreaking work of Long and Zhu, [34, 35] , various multiplicity results have been proved under what is usually referred to as the dynamical convexity assumption; see [2, 21, 26, 41, 42] and references therein. For S 2n`1 this is the requirement that all closed Reeb orbits have Conley-Zehnder index at least n`2 and follows from geometrical convexity; see, e.g., [1, 21, 27] . (When the form is degenerate, one has to replace the Conley-Zehnder index by its lower semicontinuous extension.) Then it has been shown that a non-degenerate dynamically convex contact form on S 2n`1 must have at least n`1 simple closed Reeb orbits and, without the non-degeneracy assumption, the number of orbits is at least rpn`1q{2s`1. Some of these results and methods carry over to other contact manifolds, e.g., to certain prequantization bundles, although then the notion of dynamical convexity gets more involved; cf. [2] .
More recently, in [14] , the existence of n`1 simple closed Reeb orbits for non-degenerate forms on S 2n`1 was established under a condition which is less restrictive than dynamical convexity. This condition is that all closed Reeb orbits have positive mean index and there are no orbits with Conley-Zehnder index 0 when n is odd and index 0 or˘1 when n is even.
Our main goal in this paper is to extend this result to some other prequantization bundles including the unit cotangent bundles of CROSS's. This is done in Theorem 2.1 and its corollaries; see Section 2.1. In particular, we establish the existence of at least two geometrically distinct closed geodesics for a bumpy Finsler metric on a CROSS; cf. [12] . We also show that many of the orbits found in the setting of Theorem 2.1 are non-hyperbolic; see Section 2.2 and, in particular, Theorem 2.10 and Corollary 2.11 generalizing the results from [13, 14] . Finally, in Section 2.3, for the sake of comparison we briefly touch upon the case where the contact form is degenerate.
The proof of Theorem 2.1, similarly to the proof of the multiplicity theorem in [14] , hinges on a combinatorial result -the so-called enhanced common index jump theorem -enabling one to distinguish simple closed orbits from iterated ones. In Section 4, we revisit and reprove this theorem from the perspective of index recurrence; cf. [21, Sect. 5] .
On the technical side, as has been mentioned above, the proof of our main theorem relies on the machinery of equivariant symplectic homology treated in a somewhat unconventional way following [21, Sect. 3] ; see Section 3.3. This machinery necessitates certain fillability requirements or index lower bounds, which limit the class of prequantization bundles and contact forms in the main theorem. If the equivariant symplectic homology is replaced by contact homology, also used in a slightly non-standard form (see Section 6.1), the main theorem can be further generalized. This generalization is discussed in Section 6.2; see Theorem 6.2.
Another application of the variant of the contact homology from Section 6.1 is a refinement of the contact Conley conjecture originally proved in [22] and asserting the unconditional existence of infinitely many simple closed Reeb orbits on some prequantization bundles, not forced by homological growth. This is Theorem 6.4 in Section 6.3. We refer the reader to [20] for a detailed survey of the results on the Conley conjecture.
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Main results

2.1.
Multiplicity results for closed Reeb orbits. Let pM 2n`1 , ξq be a closed contact manifold satisfying c 1 pξq| π 2 pM q " 0 and let α be contact form supporting the contact structure ξ. We call α index-positive (resp. index-negative) if the mean indexμpγq is positive (resp. negative) for every contractible periodic orbit γ of α and index-definite when α is indexpositive or index-negative. Note that these requirements are notably weaker than the standard notions of index positivity/negativity where, in, say, the positive case, the mean index is required to grow at least linearly with the action; cf. Lemma 3.3. However, the requirements become equivalent when the Reeb flow has only finitely many contractible simple closed orbits. The form α is said to be index-admissible if it has no closed orbits with index 2´n or 2´n˘1 contractible in M . Below, as is customary, a non-degenerate periodic orbit γ is called good if its Conley-Zehnder index µpγq has the same parity as that of the underlying simple closed orbit; see Section 3.2.
Throughout the paper we will focus on contact manifolds pM 2n`1 , ξq which are prequantization circle bundles over closed integral symplectic manifolds pB 2n , ωq, i.e., the first Chern class of the principle bundle M Ñ B is´rωs. We will consider such contact manifolds which admit a "nice" symplectic filling and also the non-fillable ones. Accordingly, we will impose one of the following two conditions, (F) and (NF), in most of our results.
(F) (i) The manifold pM 2n`1 , ξq admits a strong symplectic filling pW, Ωq which is symplectically aspherical, i.e., Ω| π 2 pW q " 0 and c 1 pT W q| π 2 pW q " 0, and the map π 1 pM q Ñ π 1 pW q induced by the inclusion is injective. (ii) The contact form α is non-degenerate, index-definite and has no contractible good periodic orbits γ such that µpγq " 0 if n is odd or µpγq P t0,˘1u if n is even. (NF) We have c 1 pξq " 0 in H 2 pM ; Zq and B is spherically positive monotone. Furthermore, the contact form α is non-degenerate, index-positive, index-admissible and has no contractible good periodic orbits γ such that µpγq " 0 if n is odd or µpγq P t0,˘1u if n is even. Note that in the setting of Part (i) of (F), B is necessarily spherically monotone. (We show this in the proof of Proposition 3.1.) Likewise, the condition that c 1 pξq " 0 from (NF) implies via the Gysin exact sequence that c 1 pT Bq " λrωs in H 2 pB; Qq for some λ P R, i.e., the symplectic manifold pB, ωq is positive or negative monotone in a very strong sense. (Then λ ě 0 since B is also spherically positive monotone.)
A word is also due on the role of the condition that α is simultaneously index-positive and index-admissible in (NF). This condition is equivalent to that all contractible periodic orbits have index greater than 3´n whenever the contact form is index-definite (more precisely, whenever the contact form has no contractible closed orbits with zero mean index). As a consequence, the positive equivariant symplectic homology of M is defined and well-defined without a filling of pM, αq when (NF) holds; see Section 3.3 and [8, Sect. 4.1.2].
Our main result is Theorem 2.1 which, under some index conditions, establishes a sharp lower bound for the number of contractible closed Reeb orbits on certain prequantization S 1 -bundles. In what follows, given a symplectic manifold B, denote by χpBq its Euler characteristic and by c B :" inftk P Z`| DS P π 2 pBq with xc 1 pT Bq, Sy " ku its minimal Chern number. Theorem 2.1. Let pM 2n`1 , ξq be a prequantization S 1 -bundle of a closed symplectic manifold pB, ωq such that ω| π 2 pBq ‰ 0 and c B ą n{2 and, furthermore, H k pB; Qq " 0 for every odd k or c B ą n. Let α be a contact form supporting ξ and assume that M and α satisfy condition (F) or (NF). Then α carries at least r B geometrically distinct contractible periodic orbits, where
Remark 2.2. Strictly speaking, the prequantization pM 2n`1 , ξq is uniquely determined by a lift of the de Rham cohomology class of ω to H 2 pM ; Zq but not, in general, by the de Rham cohomology class itself. The ambiguity in the lift is the torsion T " Tors`H 2 pB; Zq˘, which by the universal coefficient theorem is also equal to Tors`H 1 pB; Zq˘; cf. [22, Rmk. 2.3] . In what follows, we will tacitly assume that a lift is fixed and use the notation rωs for either the lift or, depending on the context, the de Rham cohomology class, i.e., an element of H 2 pM ; Zq{T or H 2 pM ; Qq. The notation H 2 pM ; Zq will always be used for the entire integral cohomology group including the torsion, and the condition c 1 pξq " 0, e.g., from (NF), is understood as vanishing of c 1 pξq in this group, not only modulo torsion.
Remark 2.3. The r B closed Reeb orbits from Theorem 2.1 need not be simple. These orbits can be iterates of simple non-contractible closed orbits and thus are simple only in the class of contractible orbits. Since the orbits are geometrically distinct, the theorem, in particular, implies the existence of r B simple orbits. The free homotopy classes of these orbits are necessarily torsion.
The conditions of Theorem 2.1, which are admittedly somewhat technical and involved, can roughly speaking be divided into three overlapping groups serving three different purposes and deserving a further discussion.
We rely on equivariant symplectic homology in the proof of the theorem, and the first group comprise the conditions needed to ensure that this homology is defined and Z-graded. Part (i) of (F) is in this group. In the non-fillable case, (NF), the condition that α is simultaneously index-positive and index-admissible is equivalent to that all contractible periodic orbits have index greater than 3´n whenever the contact form is index-definite. As a consequence, the positive equivariant symplectic homology of M is defined and well-defined without a filling of M ; see Section 3.3 and [8, Sect. 4.1.2]. (However, if one uses the machinery of cylindrical contact homology, weaker requirements would be sufficient; see Section 6.) Conditions from the second group are used to show that the positive contractible equivariant symplectic homology is equal to the direct sum of infinite number of copies of H˚pB; Qq with a certain degree shift; see Proposition 3.1. Among these are, for instance, the requirements that ω| π 2 pBq ‰ 0 and that H odd pB; Qq " 0 or c B ą n, and also some parts of (NF).
Finally, the third group of conditions are employed to detect simple closed Reeb orbits. These are the conditions that c B ą n{2 and that α is index-definite and has no contractible good periodic orbits γ such that µpγq " 0 if n is odd or µpγq P t0,˘1u if n is even.
Remark 2.4. It is conceivable that the hypothesis Ω| π 2 pW q " 0 in (F) can be dropped using Novikov rings. However, the condition c 1 pT W q| π 2 pW q " 0 in (F) or c 1 pξq| π 2 pM q " 0 in (NF) seems crucial in our argument, since we need to use equivariant symplectic homology with an integer grading.
At this stage we do not have any examples of pM, αq which would satisfy the conditions of the theorem with H odd pB; Qq ‰ 0. In other words, in all the examples we know r B " dim H˚pB; Qq. However, we stated the theorem in this more general form with an eye to possible generalizations and also to the results from Section 6.
The following corollary follows immediately from Theorem 2.1.
Corollary 2.5. Let pM 2n`1 , ξq be a prequantization S 1 -bundle of a closed symplectic manifold pB, ωq such that ω| π 2 pBq ‰ 0, c B ą n{2 and H k pB; Qq " 0 for every odd k. Let α be a contact form supporting ξ. Assume that M and α satisfy either condition (F) or condition (NF). Then α carries at least r B geometrically distinct contractible periodic orbits, where r B is the total rank of H˚pB; Qq.
Examples satisfying the hypotheses of Corollary 2.5 include the standard contact sphere S 2n`1 and the unit cosphere bundle of a compact rank one symmetric space (CROSS). More precisely, S 2n`1 is the prequantization of CP n , and its obvious filling in R 2n`2 satisfies (F). A compact rank one locally symmetric space N is a closed Riemannian manifold such that its curvature tensor is invariant under parallel transport and the maximal dimension of a flat totally geodesic submanifold is one. By the classification of symmetric spaces, a CROSS must be one of the following manifolds: S m , RP m , CP m , HP m and CaP 2 ; see [4] for details. Thus the filling of the unit cosphere bundle S˚N given by the unit disk bundle D˚N in T˚N clearly meets the condition (F) unless N is S 2 or RP 2 (which are the only cases where π 1 pS˚N q Ñ π 1 pD˚N q is not injective). However, in these cases it is well known that every Reeb flow has at least two simple closed orbits.
Every CROSS N admits a metric such that all of its geodesics are periodic of the same minimal period; in other words, the geodesic flow generates a free circle action on S˚N . Thus the unit cosphere bundle S˚N is the prequantization of a closed symplectic manifold pB, ωq.
Moreover, a homological computation shows that H k pB; Qq " 0 for every odd k; see [44, page 141] . In this case, the total rank r B of H˚pB; Qq and the minimal Chern number c B are given in the following Notice that the hypothesis on c B in Corollary 2.5 barely holds for M " S˚CP m , where dim B{4 " m´1{2 and c B " m. We have the following consequence of Corollary 2.5, which was previously proved for the standard contact sphere by Duan, Liu, Long and Wang in [14] and for Finsler metrics on a simply connected CROSS by Duan, Long and Wang in [13] . Corollary 2.6. Let pM, ξq be either the standard contact sphere S 2n`1 or the unit cosphere bundle S˚N of a CROSS and let α be a contact form supporting ξ. Assume that α satisfies condition (F). Then α has at least r B geometrically distinct periodic orbits, where r B is given by the table above.
The standard contact sphere and the unit cosphere bundle of a CROSS (with dimension bigger than two) satisfy the assumption (F) and therefore the only condition on the contact form in Corollary 2.6 is that it is index-definite and has no good contractible periodic orbits γ such that µpγq " 0 if n is odd or µpγq P t0,˘1u if n is even. Furthermore, the prequantization bundles in Corollary 2.6 admit contact forms with precisely r B geometrically distinct periodic orbits. These contact forms are given by irrational ellipsoids and the Katok-Ziller Finsler metrics; [44] . This shows that the lower bound in Theorem 2.1 is sharp. To the best of our knowledge, all the examples of prequantization S 1 -bundles admitting contact forms with finitely many simple closed Reeb orbits known so far satisfy the hypothesis that H˚pB; Qq vanishes in odd degrees.
As an easy application of Theorem 2.1, we establish, with no index assumptions, the existence of at least two geometrically distinct contractible closed orbits for any non-degenerate contact form on manifolds as in Corollary 2.5 satisfying (F); see Section 5.2.
Theorem 2.7. Let pM 2n`1 , ξq be a prequantization S 1 -bundle of a closed symplectic manifold pB, ωq such that ω| π 2 pBq ‰ 0, c B ą n{2, and H k pB; Qq " 0 for every odd k. Assume that M satisfies Part (i) of condition (F). Then every non-degenerate contact form α supporting ξ has at least two geometrically distinct contractible periodic orbits.
This theorem combined with the above discussion implies the following corollary.
Corollary 2.8. Let pM, ξq be the standard contact sphere S 2n`1 or the unit cosphere bundle S˚N of a CROSS. Then every non-degenerate contact form supporting ξ carries at least two geometrically distinct closed orbits.
The next result is closely related to a theorem of Duan, Long and Wang asserting the existence of two geometrically distinct closed geodesics for a bumpy metric on a simply connected manifold; [12] .
Corollary 2.9. Every bumpy Finsler metric on a CROSS has at least two geometrically distinct closed geodesics.
There are also a few examples where M does not obviously meet the requirements of Part (i) of (F) but for a suitable form α can satisfy (NF). Among these are the prequantizations of the following manifolds pB, ωq: the complex Grassmannians Gr C p2; mq, Gr C p3; 6q and Gr C p3; 7q, the monotone products CP mˆC P m (cf., [19, Sect. 1.2] ) and also the monotone products CP mˆG rR p2; m`3q where the second factor is a real oriented Grassmannian and its minimal Chern number is m`1. For these manifolds B the lower bound r B from Theorem 2.1 is sharp. (The reason is that B admits a Hamiltonian circle or torus action with isolated fixed points. Such an action has exactly r B , the sum of Betti numbers, fixed points and the required Reeb flow is then obtained by lifting a flow generating the action to M .) 2.2. Existence of non-hyperbolic periodic orbits. The proof of Theorem 2.1 also yields the following multiplicity result concerning non-hyperbolic closed orbits when the contact form has finitely many geometrically distinct contractible closed orbits. Recall that a closed orbit is hyperbolic if its linearized Poincaré map has no eigenvalues on the unit circle. Theorem 2.10. Let pM 2n`1 , ξq be a prequantization S 1 -bundle of a closed symplectic manifold pB, ωq such that ω| π 2 pBq ‰ 0 and c B ą n{2 and, furthermore, H k pB; Qq " 0 for every odd k or c B ą n. Let α be a contact form supporting ξ with finitely many geometrically distinct contractible closed orbits. Assume that M and α satisfy either condition (F) or condition (NF). Then α carries at least r non-hyp B geometrically distinct contractible non-hyperbolic periodic orbits, where Thus we obtain the following corollary which, again, was previously proved for the standard contact sphere in [14] and for Finsler metrics on a simply connected CROSS in [13] .
Corollary 2.11. Let pM, ξq be the standard contact sphere S 2n`1 or the unit cosphere bundle S˚N of a CROSS. Let α be a contact form supporting ξ satisfying the hypothesis (F) and having finitely many geometrically distinct contractible closed orbits. Then α has at least r non-hyp B non-hyperbolic geometrically distinct contractible periodic orbits, where r non-hyp B is given by the previous table.
2.3. The case of a degenerate form. It is interesting to compare Theorem 2.1 with the lower bounds one has without the non-degeneracy condition on the form α. In this case, the index restrictions become much more severe and the lower bound r on the number of simple closed Reeb orbits much weaker. In particular, r depends only on the dimension of M and the index lower bound but not on the topology of B. To be more precise, denote by µ´the lower semicontinuous extension of the Conley-Zehnder index; see, e.g., [1, Sect. 3] Theorem 2.12. Let pM 2n`1 , ξq be a prequantization S 1 -bundle of a closed symplectic manifold pB, ωq such that ω| π 2 pBq ‰ 0 and c B ą n{2 and, furthermore, H k pB; Qq " 0 for every odd k or c B ą n. Assume, in addition, that M satisfies Part (i) of condition (F) and the filling W is exact. Let α be a contact form supporting ξ such that µ´pγq ě q for all, not necessarily simple, contractible closed Reeb orbits γ. Then M carries at least r geometrically distinct contractible closed Reeb orbits, where r " # q´rpn`1q{2s when n is even and q is odd, q`1´rpn`1q{2s otherwise.
Here the result is void if r ď 0. The main class of manifolds this theorem applies to is again the unit cotangent bundles of CROSS's. For S˚S m (already considered in [21] ) and S˚RP m the theorem yields, depending on q, the existence of a number of geometrically distinct periodic orbits and of two such orbits for S˚HP 1 when q " 3. The main limitation comes from the fact that q cannot be larger than the minimal degree d where the relevant symplectic homology for contractible orbits is non-trivial. For S˚S m and S˚RP m (with m ą 2), we have d " m´1; for S˚CP m , S˚HP m and S˚CaP 2 , we have d " 1, 3 and, respectively, 7; see [1] . Most likely, Theorem 2.12, in contrast with Theorem 2.1, is very far from being sharp. In fact, one can expect that a degenerate form necessarily has infinitely many simple closed Reeb orbits and, in particular, Theorem 2.1 holds without any non-degeneracy assumptions.
The proof of Theorem 2.12 uses Lusternik-Schnirelmann theory for the shift operator in equivariant symplectic homology developed in [21] and a variant of the index recurrence theorem for a degenerate paths from [21, Sect. 5] or the common jump theorem from [34, 35] . The argument is essentially identical to the proofs of [21, Thm. 6.9 and Thm. 6.15] and we omit it. The requirement that W is exact is needed to ensure that the Hamiltonian action filtration of the symplectic homology agrees with the contact action.
Preliminaries
In this section we will review some basic concepts from the Conley-Zehnder index theory and equivariant symplectic homology used throughout the paper.
3.1. The Conley-Zehnder index for paths of symplectic matrices. To every continuous path Φ : r0, 1s Ñ Spp2nq beginning at Φp0q " I, one can associate the mean index µpΦq P R, a homotopy invariant of the path with fixed end-points. The mean indexμpΦq measures the total rotation angle of certain unit eigenvalues of Φptq andμpΦ s q " const for a family of paths Φ s as long as the eigenvalues of Φ s p1q remain constant. The resulting map µ : Ă Spp2nq Ñ R is a unique quasimorphism on the universal covering Ă Spp2nq of Spp2nq which is continuous and homogeneous, i.e.,μ
and satisfies the normalization condition
with t P r0, 1s; see [3] . The quasimorphism condition asserts thatμ fails to be a homomorphism only up to a constant, i.e.,ˇμ
where the constant is independent of Φ and Ψ, but may depend on n. (In fact, one may be able to take C n " 4n; [43] .) We refer the reader to [34, 39] for a very detailed discussion of the mean index. In this paper we use conventions and notation from [21, Sec. 4] . Assume next that the path Φ is non-degenerate, i.e., by definition, all eigenvalues of the end-point A " Φp1q are different from one. We denote the set of such matrices A P Spp2nq by Sp˚p2nq and also denote the part of Ă Spp2nq lying over Sp˚p2nq by Ă Sp˚p2nq. It is not hard to see that A can be connected to a symplectic transformation with elliptic part equal to´I (if non-trivial) by a path Ψ lying entirely in Sp˚p2nq. Concatenating this path with Φ, we obtain a new path Φ 1 . By definition, the Conley-Zehnder index µpΦq P Z of Φ isμpΦ 1 q. One can show that µpΦq is well-defined, i.e., independent of Ψ. The function µ : Ă Sp˚p2nq Ñ Z is locally constant, i.e., constant on connected components of Ă Sp˚p2nq. In other words, µpΦ s q " const for a family of paths Φ s as long as Φ s p1q P Sp˚p2nq for every s. Furthermore, we call Φ strongly non-degenerate if all its "iterations" Φ k are non-degenerate, i.e., none of the eigenvalues of Φp1q is a root of unity.
In the rest of this section we briefly discuss the properties of the Conley-Zehnder type indices which are essential for our purposes, referring the reader to, e.g., [34, 39] for the proofs. Below all paths are required to begin at I and are taken up to homotopy, i.e., as elements of Ă Spp2nq. We start with three specific examples. For the path Φptq " exp`2π
?´1 λt˘, t P r0, 1s, we haveμ pΦq " 2λ and µpΦq " signpλq`2t|λ|u`1˘when λ R Z.
Next, let H be a non-degenerate quadratic form on R 2n with eigenvalues in the range p´π, πq.
(The eigenvalues of a quadratic form H on a symplectic vector space are by definition the eigenvalues of its Hamiltonian vector field X H " J∇H, where J is the matrix of the symplectic form.) The path Φptq " exppJHtq, t P r0, 1s, is the linear autonomous Hamiltonian flow generated by H. Then, with our conventions,
where sgnpHq is the signature of H, i.e., the number of positive squares minus the number of negative squares in the diagonal form of H with˘1 and 0 on the diagonal. In addition, when Φp1q is hyperbolic, we have µpΦq "μpΦq.
Furthermore, µpΦ´1q "´µpΦq for any non-degenerate path Φ. When ϕ is a loop, we also have µpϕΦq "μpϕq`µpΦq.
Finally,μ and µ are additive under direct sum. Namely, for Φ P Ă Spp2nq and Ψ P Ă Spp2n 1 q, we haveμ pΦ ' Ψq "μpΦq`μpΨq and µpΦ ' Ψq " µpΦq`µpΨq, where in the second identity we assumed that both paths are non-degenerate. The mean index and the Conley-Zehnder index are related by the inequality |μpΦq´µpΦq| ă n where Φ P Ă Sp˚p2nq. As a consequence,
and hence the name "mean index" forμ.
3.2.
The Conley-Zehnder index of periodic orbits. Let γ be a strongly non-degenerate periodic orbit of the Reeb vector field R α and Ψ : γ˚ξ Ñ S 1ˆR2n a symplectic trivialization of ξ over γ. Denote by Ψ t : ξpγptqq Ñ R 2n the composition of Ψ| γ˚ξptq with the projection onto the second factor. Via this trivialization, the linearized Reeb flow gives rise to the symplectic path Φptq " Ψ t˝d φ t α pγp0qq| ξ˝Ψ´1 0 , where φ t α is the Reeb flow of α. In this way, we define the Conley-Zehnder index and the mean index of γ with respect to the trivialization Ψ as µpγ; Ψq " µpΦq andμpγ; Ψq "μpΦq respectively. The Conley-Zehnder index and the mean index depend only on the homotopy class of Ψ. Indeed, if we choose another trivialization Υ : γ˚ξ Ñ S 1ˆR2n then we have the relation µpγ; Υq " µpγ; Φq`2µ Maslov pΥ t˝Φ´1 t q, where µ Maslov denotes the Maslov index which is a suitably chosen one of the two isomorphisms between π 1 pSpp2nqq and Z. In particular, the parity of the index does not depend on the choice of the trivialization. It turns out that the parities of the Conley-Zehnder indices of the even/odd iterates of a periodic orbit are the same, i.e., for all j, k P N,
A periodic orbit of α is called good if its Conley-Zehnder index has the same parity as that of the index of the underlying simple closed orbit. (As has just been pointed out, the parity of the index does not depend on the choice of the trivialization of ξ.) A periodic orbit that is not good is called bad.
If γ is contractible, there is a standard way to choose the trivialization Ψ unique up to homotopy. Namely, consider a capping disk of γ, i.e., a smooth map σ : D 2 Ñ M , where D 2 is the two-dimensional disk, such that σ| BD 2 " γ. Choose a trivialization of σ˚ξ and let Ψ : γ˚ξ Ñ S 1ˆR2n be its restriction to the boundary, which gives a trivialization of ξ over γ. Since D 2 is contractible, the homotopy class of Ψ does not depend on the choice of the trivialization of σ˚ξ. Moreover, the condition that c 1 pξq| π 2 pM q " 0 ensures that the homotopy class of Ψ does not depend on the choice of σ as well. Throughout the paper, whenever γ is contractible, we denote by µpγq andμpγq the Conley-Zehnder index and, respectively, the mean index of γ with respect to the standard trivialization.
3.3. Equivariant symplectic homology. In this section we briefly recall several facts about positive equivariant symplectic homology, treating the subject from a slightly unconventional perspective.
Let first pM, ξq be a closed contact manifold and pW, Ωq be a strong symplectic filling of M with Ω| π 2 pW q " 0 " c 1 pT W q| π 2 pW q . Furthermore, let α be a non-degenerate contact form on M supporting the contact structure ξ. Then the positive equivariant symplectic homology SH S 1 ,`p W q with coefficients in Q is the homology of a complex CC˚pαq generated by the good closed Reeb orbits of α; see [21, Prop. 3.3] . This complex is graded by the Conley-Zehnder index and filtered by the action. Furthermore, once we fix a free homotopy class of loops in W , the part of CC˚pαq generated by closed Reeb orbits in that class is a subcomplex. As a consequence, the entire complex CC˚pαq breaks down into a direct sum of such subcomplexes indexed by free homotopy classes of loops in W .
The differential in the complex CC˚pαq, but not its homology, depends on several auxiliary choices, and the nature of the differential is not essential for our purposes. The complex CC˚pαq is functorial in α in the sense that a symplectic cobordism equipped with a suitable extra structure gives rise to a map of complexes. For the sake of brevity and to emphasize the obvious analogy with contact homology, we denote the homology of CC˚pαq by HC˚pM q rather than SH S 1 ,`p W q. The homology of the subcomplex formed by the orbits contractible in W will be denoted by HC 0 pM q. However, it is worth keeping in mind that CC˚pαq and hypothetically even the homology may depend on the choice of the filling W .
This description of the positive equivariant symplectic homology as the homology of CC˚pαq is not quite standard, but it is most suitable for our purposes. (We refer the reader to [21] for more details and further references and to [9, 40] for the original construction of the equivariant symplectic homology.) To see why HC˚pM q :" SH S 1 ,`p W q can be obtained as the homology of a single complex generated by good closed Reeb orbits, let us first consider an admissible Hamiltonian H on the symplectic completion of W and focus on the orbits of H with positive action. Such orbits are in a one-to-one correspondence with closed Reeb orbits γ with action below a certain threshold T depending on the slope of H. The S 1 -equivariant Floer homology of H is the homology of a Floer-type complex obtained from a non-degenerate parametrized perturbation of H; [9, 40] . This complex is filtered by the action. The E 1 -term of the resulting spectral sequence (over Q) is generated by the good Reeb orbits of α with action below T . Now we can (canonically, once the generators are fixed) reassemble the differentials B r into a single differential B on CC˚pHq :" E 1 ,˚i n such a way the the homology of the resulting complex is E 8 " HF
Hq. Roughly speaking, B " B 1`B2`. . ., where B r is suitably "extended" from E r to E 1 . Moreover, this procedure respects the action filtration and is functorial with respect to continuation maps. Passing to the limit in H, we obtain the complex CC˚pαq as the limit of the complexes CC˚pHq; see [21, 
carries over essentially word-for-word, and hence again the positive equivariant symplectic homology of M can be described as the homology of a complex CC˚pαq generated by good closed Reeb orbits of α, graded by the Conley-Zehnder index and filtered by the action. The complex breaks down into the direct sum of subcomplexes indexed by free homotopy classes of loops in M . As in the fillable case, we will use the notation HC˚pM q and HC 0 pM q. The assumption that all contractible orbits have index greater than 3´n is equivalent to that α is simultaneously index-positive and index-admissible (assuming that there is no contractible closed orbit with zero mean index), which are parts of the requirement (NF). Indeed, index positivity implies that all contractible orbits have index greater than´n and the condition that α is index-admissible rules out the orbits of index 1´n, 2´n and 3´n. (The converse is obvious if there is no contractible periodic orbit with zero mean index.) Hence in case (NF) of Theorem 2.1 the positive equivariant symplectic homology of M is defined and well-defined without a filling of M .
3.4.
Equivariant symplectic homology of prequantizations. The next proposition shows how to compute the equivariant symplectic homology of a suitable prequantization in terms of the homology of the basis. This computation will be crucial throughout this work. Proposition 3.1. Let pM 2n`1 , ξq be a prequantization of a closed symplectic manifold pB, ωq with ω| π 2 pBq ‰ 0 and such that H k pB; Qq " 0 for every odd k or c B ą n.
(a) Assume that M satisfies the requirements from Part (i) of (F). Then, B is spherically monotone. When B is spherically positive monotone, the positive equivariant symplectic homology for contractible periodic orbits of M is given by
When B is spherically negative monotone, we have
In particular, in both cases the homology is independent of the choice of the filling W satisfying Part (i) of (F).
(b) Alternatively, assume that B is spherically positive monotone with c B ě 2 and, as in (NF), c 1 pξq " 0 and α is a non-degenerate contact form on pM, ξq such that all closed Reeb orbits have index greater than 3´n. Then (3.2) also holds.
In other words, (3.2) asserts that HC 0 pM q is obtained by taking an infinite number of copies of H˚´npB; Qq with grading shifted up by positive integer multiples of 2c B and adding up the resulting spaces.
Remark 3.2. Note that while the only known spherically positive monotone manifold meeting the requirements c B ą n is CP n , there are numerous negative monotone manifolds satisfying this condition, e.g., complete intersections of high degree. Also recall that in (b)
It is worth pointing out that in Case (a) of Proposition 3.1 the conditions, although quite restrictive, are purely of topological nature and ultimately imposed only on the symplectic manifold pB, ωq. The homology in this case is defined for any contact form and given by (3.2) or (3.3). On the other hand, in Case (b) the conditions are imposed on both the manifold and the contact form α and the homology is defined and satisfies (3.2) only when α meets those requirements. Finally, note that the requirement that c B ě 2 from (b) is automatically satisfied in the setting of Theorem 2.1 as a consequence of the assumptions ω| π 2 pBq ‰ 0 and c B ą n{2. Indeed, then c B ě 2 when n ą 1 and for n " 1 we necessarily have B " S 2 and hence c B " 2.
Proof of Proposition 3.1. Let us focus first on Case (a). To show that B is spherically monotone note that T W | M decomposes as the direct sum of ξ and a trivial complex line bundle. Hence c 1 pξq is the image of c 1 pT W q in H 2 pM ; Zq and, as a consequence, c 1 pξq is an aspherical class. Next, arguing by contradiction, assume that B is not spherically monotone. Then c 1 pT Bq and rωs are linearly independent as maps from π 2 pBq b Q to Q. Therefore, as is easy to see, there exists S P π 2 pM q such that c 1 pT Bq, S ą 0 but rωs, S " 0. The restriction of the prequantization bundle to S is trivial and S admits a lift S 1 to M . Then, since c 1 pξq is the pull-back of c 1 pT Bq, we have
This is impossible because c 1 pξq is aspherical.
For the sake of simplicity we will assume throughout the rest of the proof of Case (a) that B is positive monotone. (When B is negative monotone, the argument is similar up to some sign changes.) Then, as has been pointed out above, the positive equivariant symplectic homology is defined and well-defined for any contact form supporting ξ. Let α 0 be a connection contact form on pM, ξq. This form is not non-degenerate, but rather Morse-Bott non-degenerate. Let a ą 0 be the rationality constant of pB, ωq, i.e., the positive generator of ω, π 2 pBq Ă R. Then the action spectrum of α 0 is aN. Pick small non-overlapping intervals I m " rma´ , ma` s with ą 0.
A standard Morse-Bott type argument shows that
where on the left we have the filtered homology of α 0 or to be more precise of a small non-degenerate perturbation α of α 0 ; cf., e.g., [38] and also [5, 7] for a different approach.
Furthermore, the contractible positive equivariant symplectic homology of α can be viewed as the homology of a certain complex generated by good closed Reeb orbits; see Section 3.3. This complex is filtered by action, and the E 1 -page of the resulting Morse-Bott spectral sequence is given by the right-hand side of (3.2). Namely,
m`q pα 0 q -H m`q´2mc B`n pB; Qq. The condition that H odd pB; Qq " 0 or c B ą n readily implies that this spectral sequence collapses in the E 1 -term: E 1 " E 8 " HC 0 pM q, which proves (3.2). This argument applies in Case (b) word-for-word with one nuance. Namely, to carry out the Morse-Bott calculation for α 0 we need to make sure that it admits an arbitrarily small nondegenerate perturbation α such that all good closed Reeb orbits of α have Conley-Zehnder index greater than 3´n. This is a consequence of the following lemma. Lemma 3.3. Let pM, ξq be the prequantization S 1 -bundle over pB, ωq with connection contact form α 0 such that ξ " ker α 0 . Assume that B is spherically positive monotone, ω| π 2 pBq ‰ 0, and c 1 pξq " 0. Let β be a sufficiently small non-degenerate perturbation of α 0 . Then µpγq ě 2c B´n for every contractible closed Reeb orbit of β. Furthermore, there exists a constant ∆ ą 0, independent of β, such that for all γ we havê µpγq ě ∆¨T pγq, where T pγq is the period (i.e., the action) of γ.
Note that pB, ωq is spherically positive monotone and c 1 pξq " 0 whenever, for instance, pB, ωq is positive monotone over Z, i.e., c 1 pT Bq " λrωs in H 2 pB; Zq for some integer λ ě 0, where abusing notation we treat rωs as its lift to H 2 pB; Zq; cf. Remarks 2.2 and 3.2. Lemma 3.3 is the main point in the proof of Theorem 2.1 where it is essential that in (NF) c 1 pξq " 0 as an element of H 2 pM ; Zq and not only modulo torsion. The lemma is not entirely new and has several predecessors (see, e.g., [5, Sect. 2.2] or [18, Sect. 3] and references therein). However, we include a short detailed proof for the sake of completeness and because we think the argument is a good illustration of usefulness of the quasimorphism property of the mean index.
Proof. Contractible closed Reeb orbits of α 0 comprise connected sets P m each of which is a principal S 1 -bundle over B. The set P 1 is formed by the orbits with period a, where as above a is the positive generator of ω, π 2 pBq Ă R. These orbits are not necessarily simple but they are "simple contractible orbits". The orbits from P m are the mth iterations of the orbits in P 1 . These orbits have mean index 2c B m and period ma.
Fix T 0 ą 0. Then, when β is sufficiently C 2 -close to α 0 , every contractible closed Reeb orbit γ of β with action T pγq ď T 0 is close to one of the orbits in P m with ma ď T 0 . Hence
where we can take a 1 ą a ą 0 arbitrarily close to a when β is close to α 0 . Since c 1 pξq " 0, the determinant line bundle Ź n C ξ is trivial. Fix a section of this line bundle. Then, using this section, we can define the mean index for all finite segments η of Reeb orbits, not necessarily contractible or even closed, for any contact form on pM, ξq; see, e.g., [16] . This index depends continuously on the initial condition and the contact form (in the C 2 -topology), and for closed contractible Reeb orbits it agrees with the standard mean index defined in Section 3.2.
Pick m such that 2c B m ą C n , where C n is the quasimorphism constant from (3.1), and fix b 0 with 2c B m ą b 0 ą C n . By continuity, when β is sufficiently C 2 -close to α 0 , every segment of a Reeb orbit of β with action ma has mean index greater than b 0 . (This is a consequence of the fact that the Reeb orbits of α 0 with action ma have mean index 2c B m.)
Then, by the quasimorphism property (3.1), µpηq ě bT pηq´c for all finite segments η of Reeb orbits of β. Here we can take b " pb 0´Cn q{ma ą 0 and c depends on m and the section, but can be taken independent of β. In particular, this inequality holds for all contractible closed Reeb orbits of β and all such orbits with sufficiently large action have large Conley-Zehnder index. Let us now take β so close to α 0 that (3.4) holds for all contractible closed Reeb orbits of β with action smaller than a large initial time T 0 . To be more specific, fix a positive constant ∆ ă mintb, c B {au. Then, as is easy to see, when T 0 is large enough (e.g., T 0 " c B {pb´∆q), for all contractible closed Reeb orbits γ of β we have µpγq ě 2c B´n andμpγq ě ∆¨T pγq. This concludes the proof of the lemma and of the proposition.
3.5.
Local equivariant symplectic homology, resonance relation and Morse inequalities. Let γ be an isolated closed Reeb orbit and denote by HC˚pγq its local equivariant symplectic homology. For a non-degenerate orbit γ, if γ is good HC˚pγq " Q, concentrated in degree˚" µpγq; HC˚pγq " 0 if γ is bad. The Euler characteristic of γ is defined as
This sum is finite. When γ is non-degenerate, χpγq " p´1q µpγq or χpγq " 0 depending on whether γ is good or bad. The local mean Euler characteristic of γ iŝ
The limit above exists and is rational; see [17] . When γ is strongly non-degenerate, we havê χpγq "
Assume now that α is index-positive/index-negative and has finitely many distinct simple contractible closed orbits γ 1 , . . . , γ r . (Here "simple" means that each γ i is not an iterate of a contractible orbit.) This assumption ensures that the positive/negative mean Euler characteristic χ˘pM q :" lim 
proved in [24, 31] . Here the right-hand side is χ`when α is index-positive and χ´when α is index-negative. Let c m :" ř r i"1 ř 8 k"1 dim HC m pγ k i q be the m-th Morse type number and define m min :" inftm P Z | c m ‰ 0u and m max :" suptm P Z | c m ‰ 0u. When α is non-degenerate, c m is simply the number of good orbits of index m. Furthermore, m min ą´8 if α is index-positive and m max ă 8 if α is index-negative. We have the Morse inequalities
for every m ě m min if α is index-positive, and
for every m ď m max if α is index-negative. We note that these inequalities are notably stronger than the inequalities c m ě b m .
Index recurrence
4.1. The index recurrence theorem. A crucial ingredient for distinguishing simple and iterated orbits in the proof of Theorem 2.1 is the following combinatorial result addressing the index behavior under iterations. This result can be deduced from the so-called enhanced common index jump theorem due to Duan, Long and Wang [13] (see also [34, 35] ), but we will give a different, self-contained proof along the lines of the argument from [21, Thm. 5.1].
Theorem 4.1. Let Φ 1 , . . . , Φ r be a finite collection of strongly non-degenerate elements of Ă Spp2nq withμpΦ i q ą 0 for all i. Then for any η ą 0 and any 0 P N, there exist two integer sequences dj Ñ 8 and two sequences of integer vectors kj "`k1 j , . . . , kȓ j˘w ith all components going to infinity as j Ñ 8, such that for all i and j, and all P Z in the range 1 ď | | ď 0 , we have
Furthermore, for any N P N we can make all dj and kȋ j divisible by N .
The condition thatμpΦ i q ą 0 for all i can be relaxed, but the theorem, as is, is sufficient for our purposes.
In the assertion and the proof of the theorem we follow closely [21, Sect. 5] . (The new point is (iii); the rest is contained in, e.g., [21, Thm. 5.1].) Note that it suffices to find just one pair k˘" pk1 , . . . , kȓ q of iteration vectors and one pair d˘, both divisible by any given N -and this is the form of the theorem we actually use here. Once k1 " k˘and d1 " d˘are found we can replace N by pN , where p is a sufficiently large integer, and repeat the process to find k2 and d2 , and so on.
4.2.
Proof of Theorem 4.1. We first establish the case of a single path Φ, i.e., r " 1, and then show how to modify the argument for a finite collection of paths.
4.2.1.
The case of r " 1. Let Φ " Φ 1 P Ă Spp2nq. Throughout the argument we suppress i in the notation, i.e., we write k for k 11 or k 1 , etc. To prove the theorem in this setting, we will consider two subcases depending on the end-map Φp1q and then derive the general case from additivity. Fix η ą 0 and 0 P N. Without loss of generality, we can assume that η ă 1{2. Subcase A: Φp1q is hyperbolic. Set dk "μpΦ k q for any k P N. Clearly, (i) is automatically satisfied. Furthermore, Φ k is non-degenerate for all k P N andμpΦ k q " µpΦ k q. Hence we have
Thus (i)-(iii) hold for all k˘" k P N and all , with dk " d k . To make d and k divisible by N it suffices to just take k divisible by N . Subcase B: Φp1q is elliptic. Let exp`˘2π ?´1 λ q˘, for q " 1, . . . , n, be the eigenvalues of Φp1q P Spp2nq, where |λ q | ă 1. (The choice of sign for λ q is not essential, but when the eigenvalues are distinct it is convenient to assume that exp`2π
?´1 λ q˘a re the eigenvalues of the first kind; see, e.g., [39] .) Since Φp1q is strongly non-degenerate, all λ q are irrational. Set
where }¨} stands for the distance to the nearest integer. Let ą 0 be so small that ď 0 and n ă η.
It is easy to see that there exists k ą 0 such that for all q we have
Indeed, consider the positive semi-orbit Γ`" tk λ | k P Nu Ă T n where λ P T n is the collection of eigenvalues of Φp1q. As is well known, the closure Γ of Γ`is a subgroup of T n . Hence Γ`contains points arbitrarily close to the unit in T n and, in particular, there exist infinitely many points k λ P Γ`in the 2π -neighborhood of the unit. Clearly, for any N P N we can also make k divisible by N . (To see this, it suffices to replace the semi-orbit Γ`by tkN λ | k P Nu.) Let d be the nearest integer toμpΦ k q. Theňˇd´μ .3) imply (ii). For the sake of completeness we recall here the argument. Observe first that a small perturbation of Φ does not effect individual terms in these inequalities for fixed k and . Thus, by altering Φ slightly, we can ensure that all eigenvalues λ q are distinct. Then we can write Φ, up to homotopy, as the product of a loop ϕ and the direct sum of paths Ψ q " expp2π ?´1 λ q tq P Ă Spp2q for a suitable choice of signs of λ q ; see, e.g., [39, Sect. 3] . The loop ϕ contributes kμpϕq to µpΦ k q and hence we only need to prove (ii) when ϕ " I. Then, for any k,
Next, observe that by (4.1) and (4.2) we have
where r¨s denotes the nearest integer. Thus it suffices to prove (ii) and (iii) for each path Ψ q individually when we set d q " rμpΨs. However, with (4.1) and (4.2) in mind, (ii) for Ψ q easily follows from the definition. Now we need to find k´satisfying (ii) for a suitable choice of d´. To this end, observe that for any δ ą 0 the system of inequalities
has infinitely many solutions k´P N, where k`:" k. This is again a consequence of the fact that Γ`is dense in the group Γ, and hence contains points arbitrarily close to´k` λ in T n . It is also clear that k´can be made divisible by any given integer. Using (4.2), let us take δ so small that }k`λ q }`δ ă . Then (4.2) is still satisfied for k " k´. Let d´be the nearest integer toμpΦ k´q . Then (4.2) and (4.3) hold for k´and d´and hence so does (ii). Finally, since k´ λ is close to´k` λ in the torus T n , we have
which proves (iii).
Putting Subcases A-B together. Let us decompose Φ into the direct sum of two paths Φ A and Φ B such that Φ A p1q is hyperbolic and Φ B p1q is elliptic. (It is easy to see that we can always do this up to homotopy.) We take k˘as in Subcase B and adjust d˘by addingμ`Φ kȂ˘. It is clear that (i)-(iii) hold for this choice of k˘and d˘and that, in addition, we can make kȃ nd d˘divisible by any integer.
4.2.2.
The general case: r ě 1. Let Φ 1 , . . . , Φ r be a finite collection of elements in Ă Spp2nq. As above, each of these paths can be decomposed into a sum of paths with hyperbolic end-points and elliptic end-points. Then it is easy to see that it suffices to prove the theorem when all Φ i p1q are elliptic. For the general case follows again by additivity.
Denote by exp`˘2π ?´1 λ iq˘t he eigenvalues of Φ i with |λ iq | ă 1 and set ∆ i "μpΦ i q ą 0. (The choice of the sign of λ iq is immaterial at the moment, but again when all eigenvalues are distinct it is convenient to assume that exp`2π ?´1 λ iq˘a re the eigenvalues of the first kind.) Given ą 0, consider the system of inequalities
for all i and q, (4.5)
where we treat the integer vector k " pk 1 , . . . , k r q P Z r as a variable. Introducing additional integer variables c iq , we can rewrite (4.5) in the form
With this in mind, the system of equations (4.5) and (4.6), or equivalently (4.6) and (4.7), has one fewer equation than the number of variables. By Minkowski's theorem (see, e.g., [10] ), there exists a non-zero solution k " pk 1 , . . . , k r q of (4.6) and (4.7). Now it follows from (4.6) and the assumption that ∆ i ą 0 that all k i are non-zero and have the same sign. Hence, replacing if necessary k by´ k, we can ensure that k i ą 0. Moreover, we can make all k i divisible by any fixed integer N .
Note also that by (4.6) we havěˇˇÿ
If ă 1{4r, this inequality is satisfied only when the left-hand side is zero. Fix 0 and η ą 0 which we assume to be sufficiently small (e.g., η ă 1{4). Similarly to Subcase B, set
and }k i ∆ i } ă η by the first group of inequalities (4.5). Thus k i ∆ i is η-close, for all i, to the same integer
In other words, (i) is satisfied for this choice of d. Furthermore, for every i, condition (4.2) is met for λ iq , and hence (ii) holds for all Φ i . As in Subcase B, we set d`" d and k`" k.
Note that so far it would be sufficient to take 1{8 as the right-hand side in (4.6). Our next goal is to find d´and k´. To this end consider the inequalities }k 1 i λ iq } ă δ for all i and q, (4.8)
where (4.8) can again be written in the formˇk
for some integer variables c 1 iq . For any δ ą 0, the system of inequalities (4.9) and (4.10) has a non-zero solution k 1 by Minkowski's theorem. The same argument as above shows that we can take k 1 i ą 0 for all i and, in fact, we can make k 1 i arbitrarily large. In particular, we can ensure that kí :" k 1 i´kì ą 0. Then we have › › pkí`kì qλ iq › › ă δ for all i and q and
where to obtain the last inequality we used (4.6) and (4.9). Let us now assume that δ ą 0 is so small that }kì q λ iq }`δ ă for all i and q. Then we also have }kí q λ iq } ă for all i and q,
i.e., (??) holds for k´. To summarize, k´satisfies (4.5) and (4.6) with 1{16 replaced by 1{8, which is sufficient for our purposes. Setting d´" rkí ∆ i s "
we conclude that (i) and (ii) hold for k´. It is also clear that we can make, if necessary, all kí divisible by an arbitrary constant N . Finally, (iii) also holds for each Φ i individually just as in Subcase B since the vector k´is close to´ k`modulo the integer lattice. This concludes the proof of Theorem 4.1.
5.
Proofs of Theorems 2.1 and 2.7 5.1. Proof of Theorem 2.1. Let us focus on the case where α is index-positive, for the argument in the index-negative case is similar. The main tool used in the proof is the positive equivariant symplectic homology. Recall from Section 3.3 that both of the conditions (F) and (NF) ensure that this homology (for M or the filling) with integer grading is defined and, as Proposition 3.1 shows, given by (3.2). Then the proof is the same in both cases of the theorem, (F) and (NF), and relies only on the condition shared by these cases that α has no good contractible periodic orbits γ such that µpγq " 0 if n is odd or µpγq P t0,˘1u if n is even. We should note that the argument also uses several ideas from [13, 14] .
Starting the proof, assume that α has finitely many distinct contractible simple closed orbits γ 1 , . . . , γ r . (Here, as in Section 3.5, "simple" means that each γ i is not an iterate of a contractible orbit.) Our goal is to establish the lower bound on r asserted by the theorem. Define
By Theorem 4.1, given N P N, η ą 0 and 0 as above we have two sequences of integer vectors pdj , k1 j , . . . , kȓ j q satisfying conditions (i), (ii) and (iii) and such that all dj , k1 j , . . . , kȓ j are divisible by N . As has been mentioned before, we will only need one such vector from each sequence. Hence set pd, k 1 , . . . , k r q :" pd1 , k1 1 , . . . , kr 1 q and pd 1 , k
The following lemma, giving an expression for the truncated mean Euler characteristic (see Section 3.5), is one of the key steps in the proof; cf. [2, Sublemma 5.2].
Lemma 5.1. The numbers N and η can be chosen such that d " 2sc B for some integer s and
The same holds for
Proof. Let N be any (positive) integer multiple of 2c B . The first equality follows from the (strong) non-degeneracy of γ 1 , . . . , γ r since the numbers k i are even. It is easy to see from (3.2) that χ`pM q " p´1q n χpBq 2c B , which implies the third equality. To prove the second equality, take η sufficiently small such that η|χ`pM q| ă 1. Using the resonance relation (3.5), we conclude that
By property (i) of Theorem 4.1 and, again, (3.5),ˇˇˇr
η|χ`pM q| ă 1.
Note that by our choice of N the numbers dχ`pM q and k iχ pγ i q for all i are integers. Therefore,
Obviously, the same argument works for d 1 , k 1 1 , . . . , k 1 r . Let us now break down the proof of Theorem 2.1 into two cases, according to the parity of n.
Case 1: n is odd.
Fix N and η as in Lemma 5.1. (In particular, N is even.) Clearly, η can be chosen so small that the vector pd, k 1 , . . . , k r q " pd1 , k1 1 , . . . , kr 1 q given by Theorem 4.1 satisfies The key to dealing with class (C1) is the condition that α has no good contractible periodic orbits of index zero. (This is the main point where this condition is used.) Then for all good iterates γ
in class (C1) µpγ i q ą 0 and, by (5.2), µpγ
is good. Finally, all of the good orbits from class (C2) contribute to (5.4) since µpγ i q ă 0 and µpγ Here, as indicated by the underbraces, the first term on the right-hand side comes from the iterates in classes (A) and (B) and the iterate γ k i i , the second term comes from class (C2) iterates, and the third term cancels out the contribution of class (B2) orbits to the first term.
Finally, the last term eliminates the contribution to the first term of the orbits γ k i i with index greater than d.
Note that, since µpγ k i´ q and µpγ k i` q have the same parity, c é " c è and c ó " c ò . Thus the second and third terms on the right-hand side of equation (5.7) cancel each other out and we arrive at 
where we have used the assumption that n is odd. The inequality follows from the Morse inequalities (3.6) and the last equality follows from (3.2) using the hypothesis that c B ą n{2. Hence
Now, we claim that
In order to prove this, observe that applying Theorem 4.1 to N , η and 0 as above, we obtain positive integers pd 1 , k 1 1 , . . . , k 1 r q " pd1 , k1 1 , . . . , kŕ 1 q such that
and µpγ 13) for every 1 ď i ď r and 1 ď ď 0 . Arguing as before, we arrive at the equation 14) where, similarly to (5.9) and (5.10),
i is good and µpγ
i q is evenu and r 1ȏ " #t1 ď i ď r |˘pµpγ
i q is oddu. Notice that, due to (5.13), r ȇ " r 1ē and r ȏ " r 1ō . Therefore, if we write d 1 " 2s 1 c B for some integer s 1 , equation (5.14) , together with Lemma 5.1, gives rise to the relatioń
where the assumptions that n is odd and c B ą n{2 have once more entered the picture. In particular, (5.12) holds.
Since r ò and r ó count two disjoint sets of orbits, in view of (5.11) and (5.12), we must have at least j distinct contractible simple closed orbits, say, γ 1 , . . . , γ j , where
as an immediate consequence of Poincaré duality and the assumption that n is odd. We claim that (good) iterates of these orbits have index different from d and hence do not contribute to HC i dim H i pB; Qq`dim H n pB; Qq " χpBq`2 dim H n pB; Qq, which proves Theorem 2.1 when n is odd.
Remark 5.2. It is clear from the definition of r ȏ and item (i) of Theorem 4.1 that the orbits γ 1 , . . . , γ j are non-hyperbolic. In other words, if α has finitely many distinct contractible simple closed orbits then at least χpBq`dim H n pBq of them are non-hyperbolic. This establishes Theorem 2.10 when n is odd.
Case 2: n is even.
As in the previous case, fix N and η as in Lemma 5.1, and an integer vector pd, k 1 , . . . , k r q " pd1 , k1 1 , . . . , kr 1 q as in Theorem 4.1. The argument is very similar to the one for odd n. Namely, we consider, for each periodic orbit γ i , the same classes of iterates (A), (B), (C) and (D), and study their contributions to the Morse type numbers defined by As before, all of the good orbits from class (B1) contribute to (5.15) and class (B2) makes no contribution. This is because, by (5.1), µpγ
q " d´µpγ i q, which is ď d`1 whenever µpγ i q ě´1 and ą d`1 whenever µpγ i q ă´1.
At this point recall that when n is even α is assumed to have no contractible good periodic orbits of index 0 or˘1. (As in the case of an odd n, this is the key point where this assumption is utilized.) Hence, for all good iterates γ
in class (C1), µpγ i q ą 1 and, by (5.2), µpγ
is good. As a result, class (C1) does not contribute to (5.15) . Finally, all of the good orbits from class (C2) contribute to (5.15) since µpγ i q ă´1 and µpγ i q is oddu. Notice that the last term in (5.16) is given by r è´rò . Then, with the assumption n is even in mind, setting d " 2sc B and using Lemma 5.1, we turn (5.16) into
The inequality is due to the Morse inequalities (3.6) with the direction reversed since d`1 is odd, and the last equality follows from (3.2) using the hypothesis that c B ą n{2. Hence
Arguing similarly to the case where n is odd, it is not hard to see that we also have
Since r è and r é correspond to two disjoint collections of simple orbits, these two inequalities imply that we must have at least j distinct contractible simple closed orbits, say, γ 1 , . . . , γ j , where
Here the equality is due to Poincaré duality and the assumption that n is even. Observe that iterates of these orbits do not contribute to HC 0 pM q in degrees˚" d, d˘1. Indeed, since µpγ i q R t´1, 0, 1u for every 1 ď i ď r and P N such that γ i is good, we infer from (5.1), (5.2) and the definition of 0 that
for all ‰ k i and 1 ď i ď r such that γ i is good. Thus only the orbits γ By (3.2) and Poincaré duality, we also have Remark 5.3. By item (i) of Theorem 4.1, the above argument shows that if n is even and α has finitely many distinct contractible simple closed orbits, then at least χpBq`4 dim H n´1 pBqd im H n pBq of them are non-hyperbolic. This proves Theorem 2.10 when n is even.
5.2.
Proof of Theorem 2.7. By Proposition 3.1, B is necessarily positive or negative spherically monotone. We will prove the theorem in the positive monotone case; the argument in the negative monotone case is similar. Arguing by contradiction, assume that α has only one contractible simple closed orbit γ. Note that the assumption c B ą n{2 implies that 2c B ě n`1 if n is odd and 2c B ě n`2 if n is even. Therefore, by the isomorphism (3.2), HC 0 m pM q " 0 for every m ă 1 if n is odd or m ă 2 if n is even. Moreover, there exists a sequence m i Ñ 8 such that HC m i pM q ‰ 0 for every i. As consequence,μpγq ą 0 and every good iterate of γ must have index ě 1 if n is odd or ě 2 if n is even. This implies that α is index-positive and has no good contractible closed orbits γ k such that µpγ k q " 0 if n is odd or µpγ k q P t0,˘1u if n is even. Thus M and α satisfy condition (F) and so Theorem 2.1 applies. This contradicts the assumption that α has only one contractible simple closed orbit.
Multiplicity results and the contact Conley conjecture via contact homology
In this section we discuss a generalization of Theorem 2.1 relying on a variant of hybrid cylindrical-linearized contact homology. As another application of this homological construction we state a refinement of the contact Conley conjecture proved in [22] . 6.1. Contact homology. Let pM 2n`1 , ξq be a contact manifold and let α be a non-degenerate contact form supporting ξ. For the sake of simplicity, we assume that c 1 pξq " 0. The differential graded algebra pApM, αq, d α q underlying the full rational contact homology is a graded commutative algebra generated by good closed Reeb orbits of α; see [6, 15] . With our dimension conventions, the grading is given by |γ| " µpγq`n´2. Assume furthermore that pM, ξq admits a non-degenerate index-admissible contact form β. Without loss of generality, we may assume that β ă α, i.e., β " f α where 0 ă f ă 1. Hence we have a cylindrical cobordism from pM, βq to pM, αq in the symplectization of M , resulting in a homomorphism Φ β : pApM, αq, d α q Ñ pApM, βq, d β q of differential graded algebras.
Since β is index-admissible, pApM, βq, d β q has a unique "trivial" augmentation 0 determined by the requirement that the only monomial of degree zero for which 0 ‰ 0 is 1. Composing 0 with Φ β , we obtain the augmentation β " 0˝Φβ : pApM, αq, d α q Ñ Q. Note that, as is easy to see, β pγq " 0 whenever γ is not contractible.
A routine argument shows that the linearized homology of pApM, βq, d β q with respect to β is independent of β and α; cf. [6, 15] . This is the "hybrid" homology we will use in this section but, for the sake of simplicity, we will still refer to this homology as the cylindrical contact homology of α. The main advantage of this construction over the standard cylindrical contact homology is that the homology is defined for all non-degenerate contact forms: the form α need not be index-admissible. The only requirement is that pM, ξq admits one indexadmissible form. It is essential that this homology can still be viewed as the homology of a complex freely generated by good closed Reeb orbits of α. The complex is graded by |γ| or µpγq and filtered by the contact action. Furthermore -and this is essential for what follows -the complex is also graded by the free homotopy class of γ just as the standard cylindrical contact homology complex. (This is a consequence of the fact that β vanishes on non-contractible orbits.)
Remark 6.1. The foundational aspects of the contact homology theory are still to be fully laid down. We refer the reader to [28, 29, 30] for the polyfold approach to this theory and to [36, 37] for the virtual cycle approach and further references.
Multiplicity results.
Using contact homology we have the following refinement of Theorem 2.1.
Theorem 6.2. Let pM 2n`1 , ξq be a prequantization S 1 -bundle of a closed symplectic manifold pB, ωq such that ω| π 2 pBq ‰ 0 and c 1 pξq " 0. Then pB, ωq is necessarily monotone and we require that c B ą n{2 when it is positive monotone and c B ě n when it is negative monotone. Assume, furthermore, that H k pB; Qq " 0 for every odd k or c B ą n. Let α be an indexdefinite non-degenerate contact form on pM, ξq having no contractible good periodic orbits γ with µpγq " 0 if n is odd or with µpγq P t0,˘1u if n is even. Then α carries at least r B geometrically distinct contractible periodic orbits, where r B :" # χpBq`2 dim H n pB; Qq if n is odd χpBq`4 dim H n´1 pB; Qq if n is even.
A few words about the proof. The requirement that c 1 pξq " 0 guarantees via the Gysin exact sequence that pB, ωq is monotone, i.e., c 1 pT Bq " λrωs in H 2 pB; Qq for some λ P R; cf. Remark 3.2. As in the proof of Proposition 3.1, we first need to show that the contact homology of pM, ξq is defined and given by (3.2) or (3.3) depending on whether B is positive (λ ě 0) or negative (λ ă 0) monotone. To this end, it is sufficient to show that a non-degenerate perturbation β of a connection contact form α 0 is index-admissible. When B is positive monotone, this is an immediate consequence of Lemma 3.3 together with the requirement that c B ą n{2. (In fact, it is enough to assume that c B ě 2 which follows from c B ą n{2 when n ě 2 and holds automatically under the conditions of the theorem when n " 1 since c S 2 " 2.) Then (3.2) follows exactly as in the proof of Proposition 3.1 using now the Morse-Bott calculations of contact homology from [5] .
When B is negative monotone, the situation is similar. In the notation from the proof of Lemma 3.3, for every T 0 ą 0, all closed Reeb orbits γ of a sufficiently small perturbation β of α 0 with T pγq ď T 0 have µpγq ď n´2c B . Then, an argument completely similar to the proof of the lemma and using the quasimorphism property of the mean index shows that the same is true for all orbits when β is sufficiently closed to α 0 . Thus β is index-admissible when n´2c B ă 1´n, or equivalently c B ě n, and (3.3) follows again from the results in [5] and the action filtration spectral sequence.
The proof is then finished exactly in the same way as the proof of Theorem 2.1; see Section 5.1. (In the SFT framework developed in [37] , the gap in this argument is a MorseBott calculation of contact homology similar to [5] or [38] .)
There is a broad class of symplectic manifolds to which Theorem 6.2 applies, while Theorem 2.1 does not. Among these are, for instance, negative monotone symplectic manifolds with large c B , e.g., complete intersections of high degree. These manifolds can have H odd pB; Qq ‰ 0. A simple example is the product of a complete intersection of a sufficiently high degree and a symplectically aspherical manifold.
Remark 6.3. It is clear from the discussion above that there is also a refinement of Theorem 2.10 relying on contact homology. Namely, under the assumptions of Theorem 6.2, if the contact form α has finitely many geometrically distinct contractible closed orbits then it carries at least r non-hyp B geometrically distinct contractible non-hyperbolic periodic orbits.
6.3. Contact Conley conjecture. Another application of our definition of the cylindrical contact homology is a refinement of the contact Conley conjecture originally proved in [22] . Namely, we have Theorem 6.4 (Contact Conley Conjecture). Let M Ñ B be a prequantization bundle and let α be a contact form on M supporting the standard (co-oriented) contact structure ξ on M . Assume that (i) B is aspherical, i.e., π r pBq " 0 for all r ě 2, and (ii) c 1 pξq P H 2 pM ; Qq is atoroidal. Then the Reeb flow of α has infinitely many simple closed orbits with contractible projections to B. Assume furthermore that the Reeb flow has finitely many closed Reeb orbits in the free homotopy class f of the fiber and that these orbits are weakly non-degenerate. Then for every sufficiently large prime k the Reeb flow of α has a simple closed orbit in the class f k .
The new point here, as compared to [22, Thm. 2.1] , is that the form α is not required to be index-admissible. The proof of Theorem 6.4 is essentially identical to the proof of [22, Thm. 2.1] and the only difference is that with our definition of cylindrical contact homology we need to ensure the existence of just one non-degenerate index-admissible contact form. In fact, every sufficiently small non-degenerate perturbation β of a connection contact form α 0 on M Ñ B is index admissible. This is an immediate consequence of, e.g., [18, Prop. 3.1] asserting that for every contractible closed Reeb orbit γ of β, we havěˇμ pγqˇˇě O`T pγq˘, where T pγq is the period of γ. (The proof of this fact is somewhat similar to the proof of Lemma 3.3. As in the proof of Theorem 6.2, in the contact homology framework from [37] the missing part in this argument is a Morse-Bott calculation of contact homology.)
